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Abstract
TheP,MandinverseP,MproblemsareconsideredbasedontheprOjectivegeometry・Reciprocitybetweenthedirect
andinverseproblemsisputemphasison・Thereciprocitysimultaneouslysolvesbothproblems・P-positionsofordered4
vectorsareintroducedAsfOrthedirectproblem,avectorpnormaltocoordinatevectorsei（にα)andcolumnvectors
a,(にβ)ofagivenmatrixAoforder"isuniquelydetermineduptomultipleofapositiverealnumber,ifandonlyifa
andβarediSjointindex-setsofⅣ＝{1,2,…,"}andtheorderoftheunionofaandβisequalton-lAmongsuch
vectors,theP-positiongivesrisetotwosequencesinmutuallyoppositedirectionswithstartingvcctorseiandαハhere，
α；isthedualvectorofaiThesequencesprovideconditionsfOrtheP,M-matrixandtheinverseP,MmatrⅨ
KCywo）aCfsJP-matrix;M-matrix;InverseMmatrix．
１．Introduction
AclassificationofmatricesinclassZwasprimarilypublishedinl992byFiedlerandMarkham[llThisclassification
containstheclassesK｡[2]，/V･［6]andFi[811ntroducingadirectextensiontoclassificationofmatricesinclassZ,the
authordealswithageometricalrepresentationofmatricesinclassesMandinverseMHere，aninverseMLmatrixisa
nonsingularMLmatrix．
2．Positiveposition
AmatrixAisassumedoneinthesetofallmatricesoforder〃withrealentries,denotedbydｲｶ(R)withthesetof
allrealnumbersR;thatis,AEoWh(R)DetailofthenotationisfUrtherdescribedin[3,4］
Definition2.1．Ｌｅｔｐ,9,',sbevectorsIp,9,',s]isdefinedas
［川,r,s]葛9,ｒｅｖ(PS),9EV(Pl)-Ｆ’
withthepolyhedralconeV(PS)composedofp,JandthesetofallpositiverealnumbersRtSuchvectorM9,rMn
thisorderarecalledtobeinpositiveposition,abbreviatedtoP-positionBytakiｎｇａｃｃｏｕｎｔｏｆｔｈｅｏｒｄｅｒｏｆｐ,９，７，ｓ，they
arewrittenas(川,ﾊﾟs),thatis,allthePpositionsrepresentedby[川,γ,s]areplacesin(p,9,r,s）
［'Ｗ､s］isequivalentlyexpreMas9,,E[p,s]’９e[Ⅳ)，where［〃]二{帆(1-')slO≦'三！}，[〃)二{”+(1-')'１０<ｉ≦l｝｛p}二(9)。〃二qimplieM='９withsomepositive｢ealnumbe[Lnamely，
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Ⅳp=R､9;piscalledtobepositivelyparallclto9,｡rpand9aretobepositivelyparalleＬ［川,r,s]isobviously
equivalcntto[３，r,9,plIf9=r,[P,9二r,s]standsfOr9E[P,s］
Therelationp～９ｄｅｆｉｎｅｄａｓｐ二９isanequivalentrelationThequotientspaceofthe"dimensionalEuclidian
spaccⅢythcequMentrelation,R〆,ish…Ued叩mjectivespaceofdimension"-1whichMenoMbW-l
InP'’-1,pisidentifiｅｄｗｉｔｈ９ｉｆｐ二９．
…伽2…薑(:|::ﾙ･川･'け(〃)Ⅲ
0）９パ[P,s]￣ＢｚＯＡ+62i〉Ｏ(j=1,2）ノ）［p,9,r,s］￣|B|>0,Ｂ三０
２ﾉ[p’9二r,s］￣|B|=0,Ｂ三○,６M+62,〉０(j=1,2）３)[p,r,9,s］￣IBl<0,8ｚ0,6M+62,〉Ｏ(j=1,2）
ProofO)９派[p,s]gives
Z9＝叩+(1-")s('>0,0≦“≦1),ｗ,=(1-レル+γs(w>0,0三Ｖ≦1)．
。|旱看ﾄ｡件午上川÷｣〆峠二
Hence,６，i＋ll2i〉０(j＝1,2）
。…･MwkmM薑汰,…M…≦Lmw-叩辮('一小Mm薑六UmMy，
γ=」＝lcadstowr=(１－V)p+vswithw=－LandＯ三Ｖ≦1men,9,rE[p,slb12＋６２２ ６１２＋622
１）９E[p,')iscquivalentto'9E[p,wr)withsomeLw>0.since’9andwrliconthesegmentp9,'9E[p,wr）
isequivalenttol-"<vorl〈"+vThcn,lBl>OBythewayBholds,ic.,BzObecause[p,9,ｱ,s]is9パ[p,sl
Conversely,sincclB|〉ＯａｎｄＢｚＯ,6,,622〉bI2b21z0andso6,,,622〉０Ｔｈｅｎ,６，i＋62i〉Ｏ(j＝1,2）ＦｒｏｍO)，
,ﾊﾟ["]nＭＢ川､Ⅲ一六伽に六仰叩．､…ＭＨ．､．…["）
２),３）Proofisquitesimilartol)．
Letα,川subsetsofⅣ={L2,…,"}and，;MwectorsuchtM(，;,`i)=O(にα)and(p;,α,)=O(にβ)Mth
thejthcolumnvectorQ,ofAHcre,(p’9)istheinnerproductoftwovectorspand9Theorderofaisdenotedby
lalJnth…｡flα|=|β|,|A"小sMetemantof…trM鰹`c・mposedofentriesa,'｡ＭwithにαandﾉEβ
L…｡…川．｡…肋…望(ｉｉかM薑{ｗⅢ…jF…I山M
denotcdbylAalincaseα=βJfaandβarediSjoint,αuβiswrittenasα+β、｛j}issimplywrittenasZFor
diSjoimαandβsuchthatlal+|β|="-1and{ﾉ}=Ⅳ-(α+β),thejthentryofp;isexpressedas
ﾚﾙrwWMW川にﾙﾊ（にα）
Espcciallyfbrβ＝lZ)，p3-iisdcnotcdbypﾙi,andpN-i二eiwiththejthcoordinatevcctorei;forα＝の，plfior
simply恥ispositivelyparallcltoqrwhichistbcdualvectorofthejthcolumnvectorQiofA(see[4])Ｎｏｗlet
α={“２，…,ｉ，}(sZ2),β={ﾊ,み｝亡α(ﾊ≠上）ThejthentryofpisrepresentedasfOllows
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3．Geometricalrepresentations
Forgivenaandβsuchthat[p鰍ＭＭ：H1,'鰍h}eachcomp・nenmhebracketsi川quelydetemed
cxceptfOrpositivccoefficientlnfact,sinceβ={ﾊ,L}Ｃａ,theunionofthesuperandsubindex-setsofpcontainsat
mostⅣ－ハfOrthefirsttwovectorsofthebracketsandⅣ一ｊ２ｆＯｒｔｈｅｒｅｓｔｔｗｏ/andgaredefinedas
p8qi=/('〃厄)andl断し北断);thcMoﾉｺﾞ。Ｃ･nsiderthefbn･MngtwosequencMomthelefttotho
right(L-sequence)andinthereversedirection(R-sequence)：
`」,曇'w1会'佐川皇，澱州急…害,脚黙捌-伽Fα〃へ●
Ingeneral,fOrgivcndiSjointindex-setsα={ｊ,,i2,…,4}andβ={Ｍ,…,ｊ,}withα+β=Ⅳ-MhLscquence：
e’二,僻’Api-wI1色p紺ﾙ厄)ｇ…Ａ,繩ＷⅦ=p；
yicldsamappingがuchthatp;＝ん(ごj)ｗｉｔＭ=（･ん｡…｡(Onthcotherhand,thcR-sequence：
αrﾆﾙﾆpl-(川邑,繩州邑…亀,噸脚御=p；
providesgadefinedasp;=g北r)withga=g`og`-1｡…｡g昨
Ｌｅｔ
ム(')望{，;-M|ﾖﾉ１，;…;臺側ルル(o)望{,卿-'}皇{e,｝
and
＆(`)望{，lILw轤)|ﾖ，｡;.:即恥),|α|=`}K(o)望{恥}皇{｡「｝
Then，
Ｌ『(0)={plv-i}二{`i}，
ム(昨{''一'職ﾙﾀﾞｰ'蜂小,''1【Ｔｌ峠Ｉｌ－ＵＷＩｉ診川pl-I縢鋤}，
ム(小{，俺(…Ｗ…ＭＷｉＷ鯛箒(鵬WplhiI…Ｗ蝿恥,''二Ｗ!)｝
ム("-1)={ん}皇{α;}，
andreciprocaUy
Rlo)={ﾊｰ,}皇{α;}，
R件{,ﾙｰ(蜂,川ｗ,是叶1脚州ゾル,}，
凡(小{p燭…,｡’煩…ｗ,鯛州,剛川Ｍ１ｚｗ調…ｗ'鰍:州｝
凡("-1)={plv-l}皇{ei｝
Thus,thefO11owingpropositionsarederived．
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Proposition３．１．
p;ＥＬ(16)(Oﾆﾖに"-1）＝ｐ;ＥＶＬ
He,℃,ＶﾉMeco"ege"e,medbyrhecooMi"αreveα０，Ｍ(O≦j≦"）
Theorem3ユ
。……たM…･'ﾑ(Ｍ(胸-1-Ｍ`'ﾑ㈹ﾄ(鰯か‘伽`偽伽･伽…,例
ﾑ(ﾙ凡(…１Ｍ`胸'必(旅(胸か……,w…･川鬘ｊ……ＭＭＩ薑{･小
＆("－１)≦{ei}Ｍｄ
ム(&）gwcslAM|>o(βこⅣ-i,β={ｊ,|入≦ｊ,<几!≦/`}）
(αこⅣ-Aα={↓|j,≦j`<ｊＮ})nerefbra
andＭ+1）yieldslAルル０
The・rem3a肋”R,("-1)=Li(O)皇{`ルアム("-1)=R}(O)≦{α:}/ｂｒα")Mj"ﾉWS剛Ｍｅ"rlMEeｲFル,e，
ｅ糸ＭＥ"o1esrheseZqMﾉﾉＷｚα"jces．
CombinedwithTheorem33，
c･汕町……M…加此(0…-ﾘ…"(Ｍ(胸十川)'薑(噸小…ｗ
Ａｅｅ４ｆ．
Thesequenceof{Li(ハル,relatestotheP〃problemoMwhetherAisaRMLmatrixornot,whilethesequence
of{R)(k)}…totheinverseMLproblembysubstitutingfOrα八whereα,isagivenmatrixAwithallnonnegative
…h伽…･ﾛ肌以ﾘｰ(胸711(vにⅣ)伽,脳MAMLm川…ｗいゎ，州訓）
…thcPposition,MMO<(，ｸﾞｰ(i十｡"andO≦け(M),=１(pﾉｰ(i+O('這俳(j+ｊ))ThcrefbMo
PLproblemisequivalenttotheM-problem
Intheinverseproblem，Aishprioriassumednonsingular、ItisfUrthernecessaryfbrA-ltoｂｅａｎＭｍａｔｒｉｘｔｈａｔＡ~1
Mm…dlr1>川叶OAL昔,肌(ﾊﾟﾘと缶H・MMM･…MMUM…
thetransposeoMForL-matriM-1withlAl>0,A-1isanM-matrix,ifandonlyifV(A－１).ＣＶﾉ(Theorem36of
[4,．Thus,fOrtheinverseproblemweconsideramatrixwithallnonnegativeentries、ThereciprocityoftheR-sequence
withtheL-sequenceleadstothefOllowingtheoremandcorollary,correspondingtoTheorem3､３ａｎｄＣｏｒ､３４．
Theorem3SLelA-1=(α'M）
Ｅｉ伽R|("-1)=しi(O)二{どれrLi("-1)=Ri(O)皇{｡':｝(VにⅣ)－A~]Ee`f、
C･r･lIary3･`ＬｅｊＡ－]=(α}j）
…ﾖ刎鬘に胸~Lﾑ(Ｍ(…''ﾑ(い'薑い －Ａ－ＩＥｅ６ｆ．
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Ｌｉ(4)={Ｍ皇{αr}a…ｔＭ[p〃ＭＭ上)１，pばね]holdsMIaandβ
withlaI=2,3,4,5,βCaandlβ|=2.ThuMllprincipalminorsofanL-matriMwiththeindicescontaininglare
positiveFurthermore,Li(4)皇{α:}(ﾉｰ2,3,4,5)Mserted;bencMisaP-matrixandsoanMmatri恥
ＬＩ(O） LI(1) １２叺歯
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4.PbMandinverseM-probleminlowdimensionalcases
4･lPandMbproblem
ＴｈｅＰａｎｄＭＬｐｒｏｂｌｅｍｏｎａｎＬ－ｍａｔＩｉｘAoforders3and4isdiscussed・ForanL-matrix,theP-problemisequivalent
totheM-probIemFigUre41to43areoforder3and44oforder4Figurc41MexampletML1(1)={p;｝p;蔭L,(1北inceハ2≦α;筐[ｐＭ]パ蔭L,(1)impIieslA121≦OThefigureindicatesacaseoflAI21≦OTheMis
neitberaPnoranMLmatnxThesecondoncshowninFi9.4.2isnotaPoranM-matrix,either・Ｌｉ(1)(j＝1,2,3)isｏｆⅧ(:)Mn｡ﾑ(小…川仙乢[,:ﾊＭ]MoiMM…･MIMs…，
L2(2)Ａ(2)=のareseenby(pドハハ,p｢)and(，』ハルp;)outoftheP-position,respectivelyHowever，
[PAIハ,i鵜ユハIパド]Mththeindi…presenにdbyL2,3modulo3holdSfm=L2,3mmpliesMlAl<OFrom
lLi(1)|=2forにⅣ,allprincipalminorsoforder2arepositiveFigure42,therefOre,showsaprqjectivegeometrical
representationofthealmostP-matrixoforder3(see[7])．Figure4､３．epictsthecasewherealllineararraysof4vectors
areintheP-positio､,ｓｏｔｈａｔＡｉｓａＰｏｒａｎＭ－ｍａｔｒｉｘ・Figure44exhibitsacaseofaP,Mnatrixoforder4．
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4.2CompletionofinverseM-matrixinprOjectivespace
ConsidergeometricallytheinverseMproblemofamatrixoforder3inthe2-dimensionalprqjectivespaceP２．Ｌｅｔ
卜(α,」)b…｡nsingUlarnonnegativematrixoforderaa1andMrcplottedintheconeV'(Fig45)Wcdetcrmc
thedomainofa3,Ｄ(｡〕),suchthatAisaninverseM-matrix・TheconditionoftheinverseMLmatrixrequiresthat
[p;,＠Ａ,p』]isintheP-positionFurthermorM;E[Ｍ)andp』E[`’’＠,)areprerequisitefOrtheexistenceofpfand
piintheP-positionsof[Ｍｆ脚Ｇ１]and[`2,p;ルルespectivelyBytheconditionfbrtbeexistenceofplsoasto
satisfy[e2,ﾉＭ,eルヨshouldbefOundinV(ａＩｐｌｅ３)Theconditionfbrpfrequi…3ｅＶ(Ｗ;）Thenonsingularity
ofAprohibitsa3E[p;,，;]=V(p;p;)HenceAEV(`Ｗ３)-V(ａ１ａ２)Further,theconditionM[Ｍ;＃e‘]isin
theP-positionrestrictsthedomainD(α３)toＶ(e39,9293）Without｡,皇e,(ﾉｰ1,2),thethreevcctors9,aregivenby
{9,}二V(ｃ３ａ１)､汀(e2a2),{92}二汀(`]α])､冗(e2a2)nVﾉ,{93}二V(ｅ３ａ２)､冗(ｅＩａ１);herＭ(．b)istheplanegcneratcdby
linearlyindcpcndentvcctorsaandhIncase．!＝`]ｏｒα2≦`2,the｡●mainＤ(α3)ｉｓＶ(e39oa2)-V(α2）。ｒ
Ｖ(`3｡194)-V(αI),respcctively,where{９０}二V(e3e1)､汀(e2.2)and(94}皇V(e3e2)､元(eIal）Conversely,geometrical
considerationreadilyadmitsLi(2)={｡,}(i=1,2,3)(Fig46)Thus,AisaninverseM-matrix．
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oftheinverseM-matrixoforder3．
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１９GeometricalsolutionofP，MandinverseP，〃problems
5．Concludingremarks
TheMandinverseM-problemsofanL-matrixcorrespondtotheLandR-sequences,respectivelyAccordingtothe
reciprocityofthetwosequences,ｉｔｓｕｆｆｉｃｅｓｔｏｔｒｅａｔｏｎｅｏｆｔｈｅｍＦｏｒｂoththeMandinverseM-problems,solutionis
readilyfOundintheprOjectivespaceoftbeconeencasedbythecoordinatevectors．
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Appendix
Letv,βbenonemptysubsetsoMandvnβ=のwithv={1,2,…,|v|}．
TheoremA1.[5］
鼻州にQ`Ｃｌ薑１AⅢ｡’
|γ|=|β’
０７
鮴斜艸'ﾗ息にQ恥H'州鯏γ+E=ｖＣ γ+E=vCl7l=|β｜ ｜γ'一|βＩ
/b'…ｂＳａ６ｑ/αα"d6亡Vc〃β、6=の,'ｈｅ"lVl+|β|+'61=|αＩ
B'…卿川畑｡(り－．川Ⅲ伽薑…肋MI竺{Iドラル川．M……｡oMiM
asspecialcasesofTheoremA1ForCorA2toPropA4,onedefinesβ={ｊ]’ん}亡α(ﾊ≠L)．
CorollaryA､2．Ｌｅｌｊｅａ－β、
八.↓…'一(-1)川伽'|A州小.小,21-(-1)'州mlA.-Ｗ2ルル鰹-,21=0
YoshimitsulwAsAKI2０
CorollaryA､3.ＬＣＭ,にα-β(k≠!）
｜A…側||A…_wI1l-(-1)'州"小川Ⅲルーw21llA…州｜
＋(-')Ｍ１州川川陶llA…伽|=０
ThefOllowingpropositionA､４isessentialtoattainTheorem2､3．ThoughCor・A3isaspecialcase,theproofisgiven
belowreflecting3partsofTheoremA1askandノinTheorem41[5１
PropositionA・Ｍｂｒｓｚ２(s=|α|）
'』ii二;i'}'４艸小｣望Ⅲ1Aα-ﾉ２１Ａα-ルα-，
ProofLet似仰)=ｊ,-[j/ﾉ,JM-[k/Ｌ]，Ｍｋ)=ｊ1-[ノハ]+k-M］（ＭＥ{1,2))．
｜A"_｣211A.-hl-lA・ルル…-」!｜
‐(皇日'川｡,州…Ｉ(二II-D川必ルルⅦ|）
‐し鳥佃ハル剛|)(具(-Ｗ・岬川|）
‐ｚ(-1)剛川川(`ｗ-．ﾉﾊﾙ…州||A…州’
ｚ(-1)噸''りlA"↓||A…-价川'十川薑星"(-1Ｗ(剛|A卿MllA…MllA･-,k=ｊ１
１ｅａ－ハ ノーノ２
+ｚ(-1Ｗ…Ｍ(|A・…||A…州|-(-1)ｗｊＭＷＭⅢ`-Ｗ↓.州|）
Ａ<ｌ
ＭＥａ－β
.(Ａ１）
ByCor.Ａ3,thelastendsideof(Ａｌ)isshownas
lA…州||A…-ＷⅦ|-(-')M川'川M21lA…_い,Ⅲ.州
＝‐(-1)Ｍ１柵I川仙ⅡllA…-,MＩ
TheoremA1is,therefOre,ｓｅｅｎ
(theMideof(AI))=|A・小｡’
□bythedivisionofthe3partsaccordingtolc＝ｊ１，ﾉＥａ－ｊ,；ノ]≠ＡＥａ－ﾉ2,ﾉｰﾉ2；ｋ,にα－β,Ａ〈ﾉ．
